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IV. “ A Class of Functional Invariants.” By A. R. FORSYTH, 
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Received March 7, 1888. 

(Abstract.) 

The memoir is occupied with the investigation of a class of 
functional invariants, constituted by combinations of the partial 
differential coefficients of a function of more than one independent 
variable. As the number of independent variables is limited to two, 
partly for the sake of conciseness, the general definition of such an 
invariant is that it is a function <fi of the partial differential coefficients 
of a dependent variable z with regard to x and y, such that when the inde¬ 
pendent variables are changed to X and Y, and the same function $ is 
formed with regard to the new variables , the relation 

cj> = 

is satisfied, where 

_ 9(«, y) 

~ 0(X.T) 

The transformations for which detailed results are given are of the 
homographic types: 

_5___ y__ ___l__ 

7 X Y a 2 4“ ftX + 72V a 3 -f /S 3 X -f 7 2 Y 3 ’ 


so that 


J = 


a l ? a 2 > a 3 


(«3+AX + 7 8 Y) 3 . 


ft ? ft? ft 


Yi ? 72 > 73 


The characteristic properties of such invariants are—• 

(i.) Every invariant is explicitly free from the variables £, x , y , 
but necessarily contains p and q ; 

(ii.) It is homogeneous in the differential coefficients of z, and is 
of uniform and the same grade in differentiations with 
regard to each of the independent variables ; 

(iii.) It is symmetric or skew symmetric with regard to these 
differentiations; 

(iv.) It satisfies four form-equations, viz. : — 
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*.* = ^ + ^ + ^ + *£ + 8 '!)+• 


*0* ^ or ' V oc 


c6 


. i 00 00 / 00 0 00 _ 00\ 

A 2 0 - + 2^ + + 3^ 0 -j+ . • 


A S 0 = q f + 2s d * + t* + 3^ f 2c^ + c% + 


dr 


da 


a <& + & 

db + del 


A 4 0 


00 „ 00 00 00 00 00 
J, 07 + 2 ‘5 + '0r + J 'S + 2i & + “84' + 


and two index-equations, viz.:— 

3x«, = 2p^ + # + *jr + 3 *lr + "s? + • 

dp dg dr ds d£ 

3x,= j) | + 2 5 | + 2 ,| + 3,| + 4 + . 


[Mar. 15, 
. == 0, 

. = 0, 

• • = 0, 

. . = 0, 


in the last two of which X is the index, an integer determinable from 
the form of 0 by inspection. In these equations p and q are the partial 
differential coefficients of the first order; r, s , t those of the second 
order : a, b , c, d those of the third order; and so on. 

An invariant is said to be proper to the rank n , when the highest 
differential coefficient of z occurring in it is of order n. By means 
of the solutions of the equations A x 0 = A 3 0 = A 3 0 = A 4 0 = 0, con¬ 
sidered as simultaneous partial equations, and by using the remaining 
equations, the following propositions relating to irreducible invariants 
in a single dependent variable z are established :— 

Invariants can be ranged in sets, each set being proper to a parti¬ 
cular rank; 

There is no invariant proper to the rank 1, and there is one, viz., 
(fr — 2pqs -\-pH> proper to the rank 2 ; 

There are three invariants proper to the rank 3 ; 

For every value of n greater than 3, there are n +1 invariants 
proper to the rank n, which can be chosen so as to be linear in 
the partial differential coefficients of order n. 

Every invariant can be expressed in terms of this aggregate of irre¬ 
ducible invariants; and the expression involves invariants of rank no 
higher than the order of the highest differential coefficient which 
occurs in that invariant. 

A special class of invariants, proper to ranks in numerical succession, 
is given by combinations of A 0 , A 1? A 2 , .... where— 
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A 0 = (r, s, fXq,—pf, 

A x = (a, b, c, dXq,—p) s , 

A-2 (pifi A, i$c[, jp)^> 


and the combinations are such that, when the transformations 
A w _ 2 = m ! (m— 1) Cm-3 

are effected, the resulting forms are the same combinations of the 
quantities C as the leading coefficients of the fundamental covariants 
of a binary quantic. 

Some of the properties of the irreducible invariants involving 
differential coefficients of two dependent variables z and z f are 
obtained ; and in particular it is shown that there is a single simul¬ 
taneous irreducible invariant, pg'—p'q proper to the rank 1, and that 
there are four such invariants proper to the rank 2. 

The theory of eduction is next considered. A number of eductive 

( 0 0 

q g-^ ) are ^ ven ’ suc ^ an operator, 

applied to an absolute invariant, educes another absolute invariant. 
Some illustrations are given, Find some results, the analogues of 
reversor operations, are obtained by means of successive educts. 

Finally it is shown that the theory of binary forms can be partly 
connected with the theory of functional invariants. The equations 
A 3 0 = 0 = A 4 0 are satisfied by A 0 , A 1 , A 2 , . . . ., so that these quan¬ 
tities may be regarded as a succession of binary quantics in q and 
—p as variables ; and the same equations are characteristic of the 
simultaneous concomitants of such quantics. The functional invariants 
can therefore be expressed in terms of these simultaneous con¬ 
comitants. 
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